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ABSTRACT: In this paper, we obtain a coupled common fixed point theorem in modular spaces. We also give an
example to illustrate our main theorem.
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I. INTRODUCTION

The concept of a modular space was intiated by Nakano [5] and was redefined and generalized by Musielak and Orlicz
[7]. Since then, several fixed point and common fixed point theorems in the frame work of modular spaces have been
investigated. For more details see ([1] — [4], [6], [8], [10] — [20], [22] ). Bhaskar and Lakshmikantham [21] introduced
the concept of coupled fixed points and later several authors obtained coupled fixed point and coupled common fixed

point theorems in various spaces. Recently Abbas et al. [9] introduced W -compatible mappings in cone metric spaces.

In this paper, combining these concepts, we obtain a coupled common fixed point theorem for Jungck type mappings in
modular spaces. We also give an example to illustrate our main theorem.

Now we give some basic definitions on modular spaces.

Definition 1.1 Let X be an arbitrary real or complex vector space. A functional p : X — [0,0) is called modular if
forany X,y € X, the following conditions hold:

(p,) p(x)=0 ifand onlyif X =10,
(p,) p(AX) =| 4| p(x) for every scalar A with |1]|=1,

(p3) p(AX+ 1Y) < p(X)+ p(y) whenever A + =1 and 4, u>0.

Note that X S ={x € X : p(AX) —0as A — 0} is called a modular space.

Remark 1.2 Let X, be a modular space. Then

(i) p(gjgp(x) forall Xxe X,
Proof. p(;) = p(;X+;O) < p(x) + p(0) = p(x) from (ps) and (p,).

(i) p(x+y) < p(2x)+ p(2y) forall X,y € X |
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Proof. (x+ y) = p[;(zx)+;(zy)j < p@@x)+ p(2y) from (ps).
Definition 1.3 Let Xp be a modular space.

(i) The sequence {x,} in X  iscalled o -convergentto X € X  ifand onlyif |jm p(X, —X) =0

n—o0

(if) p-Cauchyifandonlyif lim p(X,—X,)=0.

n,m—o

(iif) Asubset C of X  iscalled p -closed if the O -limit of a O -convergent sequence of C isstill in C.

(iv) Asubset C of X  iscalled p-complete if any O -Cauchy sequence in C is p -convergent and its O -limit
belongs to C .

(V) p is said to satisfy the A, -condition if p(2X ) — O whenever p(X,) >0 asn — 0.

(vi) we say that o has the Fatou property if p(x—y)S!]Lrginfp(xn —y)for all 'y e X whenever

p(x,—X)>0asn—w.

Definition 1.4 Let X, be a modular space. We say that T : X, — X is p -continuous if p(Tx, —Tx) —0

whenever p(X, —X) >0 as n — .

Definition 1.5 Let X | be a modular spaceand F: X x X — X ‘and g: X, — X .Then the pair (F,Qg) is

said to be 0 -compatible if p(F(gX,, 9y,) - 9(F(X,,Y,))) =0 and p(F(gy,,9x,)—9(F (Y, X,.))) >0
as N —> oo whenever there exist sequences {X } and {y,} in X such that [im F(x,,Y,) = Ilm gx, =t and

n—oo

limF(y,, x,)= Ilm gy, =t forsome t and t’ in X

n—o

Definition 1.6 Let X | be a modular spaceand F: X x X — X ‘and g: X, — X .Then the pair (F,Qg) is

said to be p - weakly compatible if F(gx,gy) = g(F(X,y)) and F(gy,gx) = g(F(y, X)) whenever there exist
x and Y in X, suchthat F(X,y)=9gx and F(y,Xx)=gy.

Definition 1.7 Let X | be amodular spaceand F : X ' x X '— X . Then F issaid to be p -continuous if

lim p(F(X,,Y,) —F(Xy)) = 0—Ilmp(F(yn,Xn) F(y,x)) Whe“eVEfllmp(X —X)= 0‘I|m/D(yn y)-

n—w

Definition 1.8 ([9]) Let X be a nonempty set. An element (X, y) € X x X is called
(i) acoupled coincidence pointof F: X x X — X and g: X = X if gx=F(X,y) and gy = F(y,X).

iy a common coupled fixed point of F:XxX —>X and g:X —> X ifx=gx=F(x,y) and
y=gy=F(y.x).

Kaushik et al.[19]introduced the following o -admissible mapping concept which is a generalization of the concept
introduced by Mursaleen et al. [15].
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Definition 1.9 ([19])Let X be a nonempty set and a: X2 x X? — R"be a function.Let F: XxX — X |
g: X — X be mappings. Then F and J are said to be o -admissible if

a((gx gy),(gu,gv)) 21= a((F(x,y),F(y,x)),(F(u,v),F(v,u)))>1 forall X,y,u,ve X .
If g = I(Identity map) then the above definition is the concept of Mursaleen et al.[15].

We say that the pair (F,g) is triangular ¢ -admissible if F and § are o« -admissible and if
a (X, Y1), (X2, ¥2)) 2L ot (X5 V2D, (Xay ¥3)) 2 1= (%, Y1), (Xay ¥3)) 21,V X0, X5, X5, Y1, Yo Y € X

Now we prove our main result.

1. MAINRESULT

Theorem 2.1 . Let Xpbe a p-complete modular space, where O satisfies the A, -condition. Let

F:X,xX, — X and g: X, — X  be mappings satisfying
2.11). F(X,xX )< g(X)),
(2.1.2). a((gx,9y),(qu,gv)) p(F(x,y)—F(u,v)) <A M.} forall X,y,u,ve X ,where 1 €(0,1) and

p(gx—gu), p(gy —av), p(9x = F(x,Y)),
p(gy —F(y,X)), p(gu—F(u,v)), p(gv - F(v,u)),

MY = max ;{p( - I;(u,v)}rp(gu— Z(X'y)ﬂ,

1| (gy—F(v,u) gv-F(y,x)
AT 25

(2.1.3). F and g are p -continuous,

(2.1.4). the pair (F,g) is o -compatible,

(2.1.5) (@) (9%, o). (F (X0, ¥o), F (Yo, %)) 21 and

(2.1.5) (b) ((9Ys, %), (F (Yo, %), F (%o, ¥o))) = 1 for some Xy, Y, € X,
(2.1.6) the pair (F,g) is triangular o -admissible.

Then F and g have a coupled coincidence pointin X x X .

Further if we assume that

2.1.7) a((gx,gy),(gu,gv)) > 1,a((gy, 9x),(gv,gu)) > 1
whenever (X, Y) and (u,V) are coupled coincidence points of F and g,

then F and g have a unique coupled common fixed point.
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Proof. Let X, Y, € X, satisfying (2.1.5)(a) and (2.1.5)(b).From (2.1.1) , there exist sequences {X } and {y,} in

X , such that

gxn+1 = F(Xn1 yn)’ gyn+1 = F(ymxn), n= 0,1,2,(1)
From (2.1.5)(a), we have

a((gxo’gyo)a(F(Xo’yo)aF(yo’xo)))zj-

= a((9%,,9Y,), (9%, 9y;)) 21, from (1)

= a((F(Xos Yo)s F (Yo, %)), (F (X, Y1), F (Y1, %)) 21, from (2.1.6)
= a((9%,, 9y,),(9%,, 9y,)) 21, from (1)
:>a((F(x1,yl),F(yl,xl)),(F(xz,yz),F(yz,xz)))zl, from (2.1.6)
= a((9%,, 9Y,),(9%;, 9y5)) 21, from (2).

Continuing in this way, we have

a((gxm gyn)1 (gxn+11 gyn+1)) 2 1 v n.

Similarly from (2.1.5)(b), we can obtain

a((gyn ! an)1 (gyn+11 gxn+1)) 2 1 vn.

Let Rn = maX{p(an - an+1)1p(gyn - gyn+1)}'

Using (2), consider

p(gxn+1 - gxn+2) = p(F(Xn ' yn)_ F(Xn+1! yn+1))

()

3)

< a((gxn ’ gy ) (gxn+1! gyn+1)) P(F (Xn ’ yn ) - F (Xn+1! yn+1)) (4)

<i M *n+1Yn+1

I']yl']

where

p(gxn - gxn+1)7 p(gyn - gyn+1)7 p(gxn - gxn+l)7
p(gyn - gyn+1)7 p(gxn+1 - gxn+2)7 p(gyn+l - gyn+2 )7

41 Yn+l = 1 X, — OX,.. Xnr1 — OX,.
M = max 2[/9(9 2g %)+ p(? 129 1)}

1 9Yn — Yoo Vi1 = Wnn
> [p( A 5 )}

Consider

X, —0X,,» - 0Xn = OXp0 + 0% — OXpi
g [ 2 j g [ 2 j

ﬁ p(gxn - an+1) + p(gxn+1 - an+2)l from (p3)
ﬁ 2 max {p(gxn - an+1)l p(gxn+l - gxn+2)}

Similary
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p[%} <2max{p(y, = 9Ynu): P(9Yni — Waso) -

Thus M ;"2 = max{R,, R, }-
n'’n

(4)becomes p(0X,., — 9X,.,) < A max{R,,R,..}.

n+1
Similarly using(2.1.2) and (3),we have p(gy, ., — 8¥,.,) < A max{R.,R .}
Thus

R..<Amax{R,R .} (5)

n+1

If max{R,,R,,}=R,,; forsome n then from (5), we have

n+1

R, <A R,,; whichinturnyieldsthat R,,; =0.
By proceeding as in the above we can show that R.,, =0,R ., =0,---.
Thus {gX,} and {gy, } are constant Cauchy sequences.
Suppose max{R ,R...}=R, forall n.
Then from (5), we have R ., <A R, forall n.
Thus R, <A" R, forall n

—>0asn—ow.
Thus

p(9x, — 9x,,) —> 0and p(gy, — gy,,,) >0asn — . (6)

Suppose either {gX, } or {gy,} is not Cauchy.

Then there exists £ >0 for which we can find sub sequences {gX;,4}, {9%,00}, {9Ymut and {9y, ) with
m(k) > n(k) >k such that for every k

Max{o (9%, — P )s P(BYimy = Vo )3 2 € (7

Moreover, corresponding to N(K), we can choose m(K) in such a way that it is the smallest integer with
m(k) > n(k) and satisfying (7). Then

max{p (2(9Xna1 = Py P(2(DY mpy1 = Wago )} < & (8)

From (7), we have
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& < max{o(9xXnwy = Koy ) P(IY maey = DYy )
X0 = 0% o1+ O 1 — 0% )
_ maX{P(g 0~ Ko T Xangor — Xoy) }
P(gym(k) ~ W T WYme1 — gyn(k))
< max P(2(9X5 1) = ingy-1)) + P (X 1)1 = Py )
P2(9Ym) = Wmgy-1)) + P2(Y k)1 = Waey))
< maX{P(Z(ng(k) ~= X)) P2 gy — gym(k)—l))}
+ maX{P(Z(ng(k)fl —= X0 ) P(2(IY i1 — gyn(k)))}
< maX{P(Z(ng(k) - ng(k)fl))!p(z(gym(k) - gym(k)fl))}*_ &, from (8).

}, from Remark 1.2(ii)

From (6) and since O satisfies the A, -condition, we have
l|<im max{p(gxm(k) - gxn(k))i p(gym(k) - gyn(k))} =€ 9)
—o©

Using (2) and triangular property of o , we have

a((ng(k)—D gym(k)—l)’ (an(k)—l1 gyn(k)—l)) 21

Now from (2.1.2), we have

P(IXngy = PXagry)
= P(F(Xm(k)_l; ym(k)_l) - F(Xn(k)—la yn(k)—l))
< a((BXngo1r WYmwy-1)1 (P10 Wago-1)) PF Kangoy-10 Ymgo1) = F Kogo-ar Yago-1)

<M *n(k)-1"Yn(k)-1
- *m(k)-1"Ym(k)-1

) (10)

Where
P(PXny1 = PKngoy-1)s P my 1 = W g1 )
p(gxm(k)—l - gxm(k))!p(gym(k)—l - gym(k))'
p(gxn(k)—l - gxn(k))!p(gyn(k)—l - gyn(k))'

X191 _ 1 PXngy-1 ~ PXag X1 ~ Py
M Xm(k)-1Ym(k)-1 max 2 |:’D[ 2 P 2 s

1 WY mwy-1 ~ Wnwy o)1~ Wy
z{p [ 2 e 2

Consider

p(gxm(k)—l - an(k)—l) = p(gxm(k)—l — O 0 T WXy — an(k)—l)
< P(2(X )1 = gy ) + P(2(9X, 0 = PXgy1))» from Remark 1.2(ii)
<&+ p(2(9%, 4y = Pngys)), from (8)
Similarly p(9Y,4-12 = Wngoa) < €+ P2(AYn0) = Way1))-
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Consider

p( gxm(k)-12_ Oy j - p( OXiny-1 — gxm(k)2+ iy — Xy j

< P(IXingys — Pingey ) + P(IXini) = Py ): from (po;)
Similarly

IXn)-1 — X
(k)lz(k)] < p(gxn(k)—l - gxn(k)) + P(gxn(k) = OXinky )’

gym -1 gyn
Y (k)lz(k)] < P(QYm(kH - QYm(k)) + P(gym(k) - gyn(k)) !

gyn -1 gym
Y (k)lz(k)] < P(QYn(kH - QYn(k)) + P(gyn(k) - gym(k))'

Thus (10) becomes

&+ P(2(Py )~ Py ),

&+ Pp2(9Ynwy = W 1))

PPy — Wiy ) Py = ey )s
(K01 = PXag ) P(9Y g1 = BYogiy )

PO = P )< AMBY = W) + (Ko ~ o)

ZL PGy 1 = Pogy) + P(Pygy — gxmm)}

1|:p(gym(k)1 - gym(k)) + p(gym(k) - gyn(k)) :|

2|+ P(9Yn-1 = Yncey) T P(IYn) = WYmgey)
Similarly we have

€+ p(2(9Xn0) — PKngey-1))s

&+ P(2(9Y i) = Wago-1))s

(P2 — Py ) PLDY my-1 = Wiy )
p(gxn(k)—l - an(k))a p(gyn(k)—l - gyn(k))a

Py = Wag) < A max 1| P(PXngr1 = Pingy) + PPy — Pagiy)

ZL' p(gxn(k)—l - an(k)) + p(gxn(k) = B ):I,

E p(QYm(k)_1 - gym(k)) + p(gym(k) - gyn(k))
2|+ (a1 = Way) + P(Yng) = W)
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— 0% (1))

= Vo))

}sﬂ,max

(K —

£+ p(2(I¥n)
€+ p(2(9Y
P(PKnya =

(1IJMRSET)

- an(k)fl))l
)~ Wagya))s

Kny ) P(DY gy 1 —

Py )s (WY nya —

1 p(gxm(k)—l -
2|+ p(9Xopya —

PKniy) T (X
an(k)) + p(gxn(

Wngo) + P(9Ys,

1 P(Ymya =
2|+ p(gyn(k)—l -

o) + £(9Y

Letting K — oo and using (6), (9) and A, -condition, we get

¢ < A . Itisa contradiction.

Hence {gx,} and {gy,} are Cauchy sequences. Since X ,

gX, —> X and gy, > VY.

Since  the (F,9)

p(9(F(y, x,))—F(gy,,0x,)) 0.

pair

is O -compatible,

we have

is O -complete space, there exist X, Y € Xp

p(g(F(Xn1yn))_ F(gxn1gyn)) —0

e-ISSN: 2394-8752, p-ISSN: 2394-8791

Wngey )»
Wogo )s

)~ an(k))
k) — ng(k)) ,

(k) — gyn(k))
n(k) gym(k))

such that

and

Since F is p -continuous, we have p(F(gx,,ay,)—F(x,y)) >0asn— .

Now

9x = F(9%,,9Yn) , F(9%,9Y,) ~

F(x, )

gx—F(x,¥)) _ 2 2
”( 4 j‘p 2

2

< p(gX— F (g%, @Jyn)j+ p(F(an, gynz)—F(x, y)j

< p(gx—g(F (X, ¥a)) + p(9(F (X, ¥,)) = F(9%,, aY,)) +p(F(9X,, gy,) —F(X, ¥)),

from (p,) and Re

mark1.2(i)

— 0asn — wo,sincegand Fare p—continuous and (F,g) is p —compatible

Thus gx = F(X,Y).

Similarly we can show that gy = F(y, X) .

Thus (X, Y) is a coupled coincidence point of F and Q.

Claim: If (u,v) is another coupled coincidence point of F and g, then gX=gu and gy = gV.

By (2.1.7), we have a((gx,gy),(gu,gv))>1.
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Consider

p(gx—gu) = p(F(x,y)-F(u,v))
< a((gx gy).(gu, gv)) p(F(x, y) - F(u,v))
p(gx—gu), p(gy —gv), p(gx—F(x,y)),
p(gy —F(y, X)), p(gu—F(u,v)), p(gv - F(v,u)),

s e )
;{p(gy—FZ(v,u)jw(QV—Fz(y. x)ﬂ
p(gx—gu), p(gy - 9v),0,0,0,0,
om0 0]
A2 5]

= A max{p(gx—gu), p(gy — gv)}, from Remark1.2(i)

Similarly

p(gy — gv) < A max{p(gx —gu), p(gy — gv)}.
Thus

max{p(QX—gu),

p(0y— o) } < A max{p(gx—gu), p(gy - gV)}

which in turn yields that JX = QU and gy = gV . Hence the claim.
Denote gX= P and gy =(Q.

Then gp=9(gx) =g(F(x,y))=F(gx,gy) = F(p,q), since p -compatibility of (F,g) implies o -weakly
compatibility of (F, Q).

Similarly gq = F(q, p) . Thus (p,q) is a coupled coincidence point of F and Q.
By the claim we have §X=gp and gy =0q.

Thus P=0p and g=(Q.

Hence F(p,q)=gp=p and F(q,p)=99=0.

Hence (P, Q) isa coupled common fixed point of F and g .

Suppose (Pp’,q") is another coupled common fixed point of F and Q.

Then from (2.1.7), we have a((gp, 99),(gp’,99")) >1.
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p(p-p")=p(F(p,a)-F(p’.q")

<a((gp,99),(9p’,9a9) p(F(p,q) - F(p'.q")
p(p-p),p(a-1a),p(p-p),
p(@-a),p(p'=p).p(d'-1d),

caman g o 258 o5
A A

= A max{p(p-p"),p(ad—aq)} from Remark1.2(i)

Similarly
p(a-q) <A max{o(p-p’).p(d-a)}

Thus

max {p(p-p"), p(a-0)}< A max{p(p-p’),p(d—a)}

which in turn yields that p=p’,q=('.

Thus (p,q) is the unique coupled common fixed point of F and .

Now, we give an example to illustrate Theorem 2.1.

Example 2.2 Let X = I*, where p(X)=| x| Z|Xi| for x € I*. DefineF :I'xI' > 1" and g:I' > I'by

Xty X+, 1 Xp = 1 = 1
F(x, : 0,0, .0,0,---|for all X X, )elrand y=(y.,Y,,--) el
(x,y)= ( 12 12 j 1gX = (3 3 J (X1, X,,+7) Y=Y )

: . _3. .
Define a: X2 x X2 — R" as a((X,Y),(u,v)) = > if X,y,u,vel®with || x||=|y|I=l|ull=|v]K1 and

0, otherwise.

Let X = (X, Xp,+), Y = (Vg Yoo )y U = (U, Upy o),V = (W, Vo) €17
Case(a):Suppose || X [|=[|y [[=[|u [|=][v [|<1.

Consider

a((9x, gy). (qu, gv)) p(F (x, y) = F (u,v))

(2 koo (5 0.

- 3p(xl+y11_2ul -V 7 XY, —U, =V, 70707..}

> 12

S R P T -
T,
:;’[;Qxl—ul+x2—u2)+;qy vi| + ]y, -v )}
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3
= 5lp(ex—gu)+ p(gy - gv)]
3
<, maxip(gx - gu), p(gy - 9v)}
Case(b): suppose at least one of || x||,|| y |I,||u || and |jv|| is greater than 1.
Then a((X,y),(u,v))=0.

Thus in both cases, (2.1.2) is satisfied with 5 - 3 .0ne can easily verify the remaining conditions.Clearly (0,0) is the
4
unique coupled common fixed point of F and g.

1. CONCLUSION

By choosing a, F and g in Theorem 2.1, one can obtain several fixed point results in modular spaces.
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